A k-bowtie system of order v is a pair (X, B), where X is a finite set of v vertices and B is a collection of edge disjoint k-bowties (called blocks) which partitions the edge set of the complete graph K n , defined in X. In this paper, for every admissible order v, we construct two disjoint non isomorphic 4-bowtie systems.
Introduction
Let K v be the complete undirected graph defined on the vertex set X and let G be a subgraph of K of order n. A G-decomposition of K v is a pair Σ = (X, B), where B is a partition of the edge set of K v into subsets isomorphic to G. A G-decomposition of K v is also called a G-design of order v and the classes of the partition B are said to be the blocks of Σ.
Two G-designs Σ 1 = (X, B 1 ), Σ 2 = (X, B 2 ), defined in the same vertex set X, are said to be disjoint if B 1 ∩ B 2 = ∅. Observe that if G is a regular graph then a G-design is always balanced, hence the notion of a balanced G-design becomes meaningful only for non-regular graphs G.
A k-bowtie is the graph consisting of two cycles of lenght k, having exactly one vertex in common. Therefore, if V = {x 1 , x 2 , ..., x 2k+1 }, a k-bowtie defined in X has for edges all the pairs {x i , x i+1 } for i = 1, 2, ..., 2k − 2,
In what follows, we will indicate such a k-bowtie by
, where X is a finite set of v elements, called vertices, and B is a collection of edge disjoint k-bowties which partition the edge set of K v , the complete graph defined in X.
In this paper, by two different constructions, we prove that for very admissible order v there are two disjoint non isomorphic 4-bowtie systems.
In the literature the intersection problem for G-designs is very studied, as one can see in the bibliography.
. It follows that v ≡ 1 mod 16, v ≥ 17. The following constructions give a 4-BS(v) for every v ≡ 1 mod 16, v ≥ 17. We see that this is also the existence spectrum of 4-BSs.
Disjoint non isomorphic 4-BSs of order 17
In this section we consider 4-BSs of order 17.
Theorem 2.1 : There exist disjoint 4 − BSs of order 17.
Proof. Let B 1 ) be the family of 4-bowties defined in X = Z 17 such that:
We can verify that Σ 1 = (Z 17 , B 1 ) is a 4-bowtie system of order 17. After this, consider the following blocks belonging B 1 : It is immediate to prove 1) and 2). To prove 3), observe the bowties of Σ 1 . We can see that all the vertices of X appear four times at distance one from the central position of the blocks of B 1 and that this is not verified in Σ 2 . Indeed, if we consider the vertex 0 ∈ X, it appears five times at distance one from the central position of the blocks of B 2 . Therefore in any isomorphism no vertex can correspond to the vertex 0. 2
Disjoint non isomorphic 4-BSs of order v=16k+1
Starting from the result of the section 2, now we prove that for every admissible v there are at least two disjoint non isomorphic 4-BSs of order v. To simplify the terminology, we will indicate X and Y as follows:
B, C, D, E, F, G, H, A , B , C , D , E , F , G , H },
For every i = 1, 2, ..., k, let F 1 be the following family of 4-bowties:
and let let F 2 be the following family of 4-bowties:
We can verify that F 1 ∩ F 2 = ∅.
, we can see that Φ 1 and Φ 2 are two 4-bowtie systems both of order 16(k + 1) − 1.
Further, since F 1 ∩ F 2 = ∅, with the condition that the systems Ω 1 , Ω 2 are disjoint and so also the systems Δ 1 , Δ 2 , it follows that Φ 1 and Φ 2 have no blocks in common.
We can also see that Φ 1 and Φ 2 are not isomorphic.
If v = 17 consider Theorem 2.1. For the other cases, consider the previous construction. If v = 33, define two subsystems of order 17 contained in Φ 1 both isomorphic to the system Σ 1 of Theorem 2.1, and two subsystems of order 17 contained in Φ 2 both isomorphic to the system Σ 2 . Of course, in such a way, Φ 1 and Φ 2 are not isomorphic. In a similar way, we can construct two systems Φ 1 and Φ 2 , of order v = 16(k + 1) + 1, constructing Φ 1 by two systems Ω 1 of order 17 and Δ 1 order 16k + 1, Φ 2 by two systems Ω 2 of order 17 and Δ 2 of order 16k + 1, with Ω 1 non isomorphic to Ω 2 and Δ 1 non isomorphic to Δ 2 . 2
